An analytical (mathematical) thermal stress model has been developed for an electronic assembly comprised of identical components bonded at their end portions and subjected to different temperatures. The model is used to assess the effect of the size (dimension in the x-direction) and compliance of the bonded regions (legs) on the maximum interfacial shearing stress that is supposedly responsible for the mechanical robustness of the assembly. The numerical example is carried out for a simplified two-legged Bismuth-Telluride-Alloy (BTA)-based thermoelectric module (TEM) design. It has been determined that thinner (dimension in the horizontal, x-direction) and longer (dimension in the vertical, y-direction) bonds (legs) could result in a considerable relief in the interfacial stress. In the numerical example carried out for a 10 mm long (dimension in the x-direction) TEM assembly with two peripheral 1 mm thick (dimension in the x-direction) legs, the predicted maximum interfacial shearing stress is only about 40% of the maximum stress in the corresponding homogeneously bonded assembly, when the bond occupies the entire interface between the assembly components. It has been determined also that if thickand-short legs are employed, the maximum interfacial shearing stress might not be very much different from the stress in a homogeneously bonded assembly, so that there is no need, as far as physical design and robustness of the assembly is concerned, to use a homogeneous bond or a multileg system. The application of such a system might be needed, however, for the satisfactory functional (thermo-electrical) performance of the device. In any event, it is imperative that sufficient bonding strength is assured in the assembly. If very thin legs are considered for lower stresses, the minimum acceptable size (real estate) of the interfaces (in the horizontal plane) should be experimentally determined (say, by shear-off testing) so that this strength is not compromised. On the other hand, owing to a lower stress level in an assembly with thin-and-long legs, assurance of its interfacial strength is less of a challenge than for an assembly with a homogeneous bond or with stiff thick-and-short legs. The obtained results could be used particularly for considering, based on the suggested predictive model, an alternative to the existing TEM designs, which are characterized by multiple big (thick-and-long) legs. In our novel design, fewer small (thin-and-short) legs could be employed, so that the size and thickness of the TEM is reduced for the acceptable stress level.
Introduction
Thermal loading is the major loading in electronic and photonic (E&P) systems. Thermal stresses and deformations are the main cause of the finite service life of E&P materials and devices [1] [2] [3] , and bonded assemblies are the most typical structural elements in E&P designs [4] [5] [6] . There is often a need and, in some cases, even an incentive, for using inhomogeneous bonds in E&P assemblies [7] : low modulus materials can be employed at the assembly ends for lower thermal stresses, stiffer mid-portions of a compliant attachment could relieve the interfacial stress at the assembly ends, and assemblies bonded at the ends could provide an attractive structural solution to some E&P physical design problems [8, 9] .
Stress modeling and particularly analytical (mathematical) modeling has been employed as an effective means to understand the physics of the thermally induced stresses in E&P assemblies [10] , including those with inhomogeneous bonds. Based on such modeling, the physics and the attributes of the thermal stresses caused by the global and local mismatch of dissimilar materials in E&P assemblies have been addressed (see also Refs. [11] [12] [13] [14] ). A typical example is shown in Figs. 1-3: the total stress at the interface of the bonded components with the bonding portions (legs) of the assembly are due to the combined action of the global mismatch of the assembly components outside the bonded regions and the local mismatch of the materials within these regions.
Here are some attributes of the magnitude and the interaction of the interfacial stresses caused by the global and local thermal expansion (contraction) mismatch:
• The interfacial shearing stresses caused by the local mismatch are anti-symmetric with respect to the mid-cross-section of the bonded area, and therefore maximum values are equal in magnitude and opposite in directions (signs).
• The local shearing stresses concentrate at the ends of the bonded area and, for sufficiently long assemblies and/or assemblies with stiff interfaces (thin and high-modulus bond), are next-to-zero in the mid-portion of the assembly.
• For very short and/or very compliant bonds, the local shearing stresses are linearly distributed over the length of the bonded area, and the stress maxima at the assembly ends are significantly lower than the maximum stresses at the ends of long and/or stiff assemblies.
• The shearing stresses caused by the global mismatch act in the same direction over the entire length of the bonded region, and this direction is such that at the inner boundary of the bonded region (i.e., at the boundary located closer to the mid-cross-section of the unbonded region, i.e., to the midcross-section of the assembly as a whole) the total stress should be computed as the difference between the local and the global stress. This means that the interaction of the local and the global stresses at the inner boundary of the joint is always favorable, i.e., results in a lower total stress. For sufficiently long bonded regions, this stress is next-to-zero. At the outer, free, boundaries of the bonded regions (i.e., at the assembly edges) the total stress should be computed as the sum of the local and the global stresses.
• In the case of small size assemblies and/or assemblies with compliant interfaces, the total stress at the outer boundaries of the assembly can be considerably larger than the global or the local stresses. Since in short-and/or-compliant assemblies both stress categories can be very low compared to the stresses in long-and/or-stiff assemblies, the total stress can be low as well, despite the fact that, for the outer (peripheral) portions of the assembly, this stress is obtained as a sum of the local and the global stress. It is noteworthy that enough real estate is always required to provide good adhesion, and therefore, very small size bonded regions might not be practical despite the significant stress relief.
• In the case of long-and/or-stiff assemblies, the global stresses concentrate at the inner boundaries of the bonded regions and rapidly decrease with an increase in the distance of the given cross-section from these boundaries. In such a situation, as has been indicated above, the interaction of the local and global stresses is always favorable: at the inner edge of the assembly this interaction results in a total stress, obtained as the difference between the local and the global stress, while at its outer boundary, because the global stresses fade away rapidly when moving from the inner edge of the bonded region to the outer edge, local stress only exists.
• For long-and/or-stiff bonded assemblies, the magnitude of the global stress at the inner boundary is equal to the Transactions of the ASME magnitude of the maximum local stress so that the total shearing stress is zero. In other words, the state of stress in such an assembly is the same as for an assembly with a continuous (homogeneous) bond and for an assembly bonded at the ends, provided that the bonded region is long enough.
Despite the success in understanding the physics of the interaction of global and local thermal mismatch stresses in assemblies bonded at the ends, there still exists a strong incentive for the development of simple, practically useful, and physically meaningful stress models for particular systems, designs, and applications. Owing to the development of various renewable energy technologies during the last decade or so, thermoelectric materials and thermoelectric modules are receiving increased attention of the research and engineering communities [15] [16] [17] [18] [19] [20] [21] [22] [23] . The general views of typical TEMs are shown in Figs. 1 and 2 . Although the majority of the R&D work is being naturally focused on the thermoelectric properties of the TEM materials and modules (Seebeck coefficient, electrical resistivity, thermal conductivity), some investigators have pointed out the importance of the TEM shortand long-term mechanical robustness and have addressed and employed finite-element-analysis (FEA) to evaluate the mechanical behavior of the TEM materials and structures [24] [25] [26] .
In the analysis that follows, we consider a simplified two-legged TEM design and develop a simple analytical model for the evaluation of the maximum interfacial thermal shearing stress. The emphasis is on the assessment of the effect of the size of the bonded regions on this stress. We consider a situation when the ceramic bonded components are identical and subjected to different temperatures. The objective of the analysis is to determine to what extent thinner and longer legs could result in lower interfacial stresses, thereby leading to a more mechanically robust TEM. The analysis is carried out under the major assumption that the legs provide a certain level of mechanical compliance at their interfaces with the ceramic components but do not experience axial (in the x-direction) thermal loading themselves. This assumption seems to be justified in the case of thin (dimension in the x-direction) and long (dimension in the y-direction) legs, i.e., in the case of a long enough assembly with short bonded regions. It is this situation that is of primary interest in our analysis. Such an assumption might result, however, in an overestimation of the induced stresses in the case of not-very-short bonded regions (not very thin legs) but, supposedly, could still be used for relative assessments of the states of stress in assemblies of the type in question.
It is noteworthy that since 1940 there has been a vast amount of more or less sophisticated analytical formulations created for the analysis of stresses in bonded joints. We would like to point out that in the analysis that follows, we do not intend to improve the existing formulations (including those of the first author of this article) but are going to develop and employ the simplest and physically meaningful model. The detailed numerical example at the end of the paper is intended to guide someone skilled in the art to analyze and design the most mechanically feasible TEM structure.
Analysis
Multi-Material Large Size Assembly. Examine first a largesize multi-material assembly manufactured at an elevated temperature and subsequently cooled down to a low (room or testing) temperature. Assuming perfect adhesion, one could proceed from an assumption that all the layers have the same longitudinal strain
in the major mid-portion of the assembly at the low temperature. Here, Dt is the change in temperature, a i is the CTE of the i-th ma-
is the axial (in the x-direction) compliance of the i-th layer, E i and i are the elastic constants of the layer material, h i is the layer thickness, and T i is the thermally induced force in it. The formula in Eq. (1) considers that the total thermal strain e Ã can be found as the sum of the stress-free strain (first term) and the strain due to the force T i (second term). From Eq.
(1) we find
The condition
where
is the effective CTE of the assembly. Introducing Eq. (3) into the formula in Eq. (2), we obtain the following formula for the induced forces:
Note that for a low modulus and/or thin i-th layer, this force is small, even if the mismatch strain ða i À a Ã ÞDt is significant. The corresponding stress acting in the cross-sections of the given layer is
and is thickness h i independent.
Bi-Material Assembly of Finite Size. Consider now an assembly of the total length 2L comprised of two identical components #1 and #2. The assembly is bonded at the ends, as schematically shown in Fig. 3 . The components experience different temperatures. This causes thermally induced stresses at the component cross-sections and at the interfaces between the components and the bonding material(s).
In order to obtain a formula for the interfacial shearing stress, one has to consider an assembly of finite size. The longitudinal interfacial displacements in such an assembly can be sought in the following approximate form:
These equations are similar to those used in Ref. [11] , where, however, dissimilar adherend materials were considered. In the formulas in Eq. (7), a is the CTE of the components' (adherends') material, and Dt 1 and Dt 2 are the changes in temperature for these components (from the manufacturing/fabrication temperature to the low temperature),
is the axial compliance of each of the components, E 1 and 1 are the elastic constants of the component material, h 1 is its thickness,
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is the force acting in the cross-sections of assembly components, sðxÞ is the interfacial shearing stress, and j 1 is the longitudinal interfacial compliance. This compliance is due to both the components and the bond and can be evaluated by the following formula, obtained using the Ribier solution for a long-and-narrow strip of the length 2l and thickness h loaded at one of its long edges by an anti-symmetric shearing load [11] :
Here
s 0 ðxÞ sin b j xdx; j ¼ 1; 3; 5; :::
(11) and the function Kðu j Þ is
For very small h=l values (say, below 0.25), the formula in Eq. (10) can be simplified
is the shear modulus of the material. In another extreme case, for large h=l values (say, above 0.5), the following expression can be obtained from the formula in Eq. (10):
The origin of the coordinate x is in the mid-cross-section of the bonded region. It is noteworthy that the calculations carried out for typical electronic and photonic assemblies indicate that the compliances calculated for the h=l ratios of 0.25 and 0.5 might not be very much different, and therefore, if the actual h=l ratio falls between the above values, the compliance of the structural element of interest can be computed by linear interpolation between the compliances determined for 0.25 and 0.5 aspect ratios.
The condition of the compatibility of the displacements (7) can be written as
is the interfacial compliance of a buffering (bonding) layer, if any. Here h 0 is the thickness of this layer, and G 0 is the shear modulus of the material. The formula in Eq. (17) is based on the solution obtained for a long-and-narrow strip loaded over its long edges by anti-symmetric shearing loads in a situation when one of the loads is tensile and another is compressive [11, 12] . This is a typical situation for a thin adhesive layer in bonded assemblies.
Basic Equation.
Introducing the formulas of Eq. (7) into the compatibility condition Eq. (16), we obtain the following integral equation for the interfacial shearing stress:
is the total interfacial compliance of the assembly, and Dt ¼ Dt 2 À Dt 1 is the temperature difference between the hot and the cold components. From Eq. (18), we find by differentiation js 0 ðxÞ À 2k 1 TðxÞ ¼ aDt (20) Solution to the Basic Equation.
We seek the solution to Eq. (20) in the form
Here, the constant C 0 is the particular solution to the inhomogeneous Eq. (20), the second and the third terms (containing hyperbolic functions) provide the general solution to the corresponding homogeneous equation, C 1 and C 2 are constants of integration, and k is thus far an unknown parameter of the interfacial shearing stress.
As follows from the formula in Eq. (9), the shearing stress can be found as the derivative of the thermally induced force TðxÞ: T 0 ðxÞ ¼ sðxÞ: Then the solution Eq. (21) yields
Introducing Eqs. (21) and (22) 
Then the solution Eq. (21) results in the following expression for the distributed force acting in the cross-sections of the assembly components within the bonded regions:
Interfacial Shearing Stress. The corresponding interfacial shearing stress is
The first terms in the right parts of the formulas in Eqs. (26) and (27) are due to the local thermal mismatch of the component materials, and the second terms are due to their global mismatch.
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The forcesT that determine the role of the global mismatch of the bonded components can be determined from the following condition of the compatibility for the longitudinal displacements at the boundary of the bonded and unbonded regions of the assembly:
The left part of this condition is the difference in the longitudinal interfacial displacements of the assembly components at the bonded portion at its boundary with the unbonded portion of the assembly. The right part of the condition (28) is the difference in the longitudinal displacements of the assembly components at the unbonded portion at its boundary with the bonded region. The introduction of the expressions in Eqs. (26) and (27) into the condition Eq. (28) enables one to obtain the following formula for the induced forceT:
In the case L=2l ¼ 1 (a homogeneously bonded assembly), this formula yieldsT
If, in addition, the kL product is significant, i.e., the assembly is long and/or stiff, then
In the case of large L=2l ratios L=2l 11 1 ð Þ , when the assembly is bonded at the ends using two relatively (with respect to the overall assembly length) short bonds, the formula in Eq. (29) yieldsT
If, in addition, the kl product and, hence, also the kL product are significant, say, larger than 2:5, then the formula in Eq. (32) leads to the formula in Eq. (31) for an infinitely large assembly. Thus, when the product kl is large, the forceT will not be different than the force in a large size assembly, despite relatively short peripheral bonds (large L=2l ratio).
The expression in Eq. (27) for the interfacial shearing stress, considering the formula in Eq. (29) for the forceT at the boundary of the bonded and unbonded regions, results in the following expression for the interfacial shearing stress in the bonded regions:
The first term in the brackets in the above expression is due to the local mismatch of the assembly components, and the second term is due to their global mismatch.
The maximum interfacial shearing stress takes place at the assembly end x ¼ l,
is the shearing stress at the edge of a long (large l) assembly and/ or of an assembly with a stiff interface (large k), and the function (reduction factor)
reflects the roles of the finite lengths of the bonded regions and the finite overall length of the assembly. Note that simple strength-of-materials arguments can be used to show that the shear stress at the edge must be zero. Indeed, for two perpendicular planes of a cubic element the components of the shearing stress perpendicular to the line of intersection of these planes should be equal, and since there are no shearing stresses acting at the free edges (butt-ends) of the assembly components, the interfacial shearing stresses should be zero as well. On the other hand, theory of elasticity solutions indicate that in the majority of cases interfacial stress singularity takes place at the edge of an assembly comprised of dissimilar materials. Such a contradiction is quite common in shear lag type analyses. With this in mind, one can view the stress defined by the formulas in Eqs. (35) and (36) as suitable characteristics of the state of stress at the ends of the assembly and not necessarily of the stress itself.
As evident from the formula in Eq. (35), the maximum shearing stress at the end of a long and/or stiff assembly (and/or at the end of a sufficiently long bonding region) is assembly (bonded region) length independent. This stress is proportional to the product of the coefficient-of-thermal-expansion (CTE) of the component materials and to the difference in their temperature. It is inversely proportional to the square root of the product of the axial compliance of the components and the interfacial compliance of the assembly. These compliances play similar roles, as far as the maximum interfacial shearing stress in an infinitely large assembly is concerned. It is noteworthy that the axial compliance of the assembly is due, in the case of sufficiently thin and/or low modulus bonds, to the compliance of the components only, i.e., is independent of the compliance of the bond, provided that the bond is considerably more compliant than the bonded components. On the other hand, the total interfacial compliance of the bonded region is due to the compliances of both the assembly components and the bond.
Effect of the Relative Assembly Length and the Lengths of the Bonded Regions. The factor vðklÞ, which considers the effects of the lengths of the assembly and the bonded regions, changes, as evident from the formula in Eq. (36), from zero to the
value, when the lengths 2l of the bonded regions change from zero to the half-the-assembly-length L value (i.e., when L=2l ¼ 1). This is the case, when the bond is homogeneous, i.e., occupies the entire space between the components. It is the product kL of the parameter k of the interfacial shearing stress and half-the-assembly-length L that determines in such a situation the effect of the assembly length on the maximum shearing stress at the assembly end. For large L=2l ratios, i.e., for bonding portions that are short compared to the assembly length, the formula in Eq. (36) yields This result indicates that the factor vðklÞ can still be close to one, i.e., the state of stress will not be remote from the one in the case of a homogeneous bond, if the product kl is significant, especially if the product kL is large as well. In the case of small kl values, the factor Eq. (38) is
Even for significant L=2l ratios (long assembly and short bonded regions), the factor vðklÞ can still be appreciably below unity if the kl value is small. In such a situation, the interfacial shearing stress is low. It should be emphasized, however, that the above conclusions are only valid provided that there is enough interfacial real estate to assure good bonding strength at the interface; otherwise, the stress relief due to the small size attachment might not suffice, and the bonding strength of the assembly might be compromised. On the other hand, the bonding strength, as any other strength, is due to both the bearing capacity (strength) of the structure of interest and the level of the load (stress, demand). For this reason, it might be easier to assure sufficient strength (robustness) of an assembly with short bonds characterized by small size bonded areas (large L=2l ratios) than of an assembly with large bonded areas (small, close-to-unity, L=2l ratios). The function vðklÞ is tabulated in Table 1 . As evident from the computed data, this function can be put equal to unity for kl values exceeding 4.
Numerical Example
The numerical example below is carried out, as an illustration, for an assembly schematically shown in Fig. 3 . Assemblies of this type are currently considered in Be 2 Te 3 -based thermoelectric module technologies (see, e.g., Refs. [25, 26] ).
The assumed temperature difference between the hot and the cold ceramic components is Dt ¼ 130 C; and the L=2l ratio is assumed to be L=2l ¼ 10; i.e., that the bonded regions occupy 10% of the assembly's overall length.
Calculated Data

Actual Assembly
• Axial compliance of one ceramic component (f-la (8)):
• Interfacial compliance of one of the ceramic components (f-la (15)): • Interfacial compliance of one of the copper layers (f-la (15)): • Interfacial compliance of one of the solder layers (f-la (17)):
• Interfacial compliance of the leg (f-la (15)): • Total interfacial compliance of the assembly: Infinitely Long Assembly With a Continuous Bond
• Interfacial compliances for an infinitely long assembly (dimension in the x-direction): • Parameter of the interfacial shearing stress for an assembly (of any appreciable length) with long interfacial layers: • Interfacial shearing stress in the above assembly (f-la (35)): • Factor that takes into account the finite size of the assembly and the bonds (assuming L=2l ¼ 10 and using f-la Eq. (36)) assuming that the assembly is still long enough so that the parameter of the interfacial shearing stress is not different of the one in an infinitely long assembly with a continuous interfacial layer: If a homogeneous bond were used (i.e., when the L=2l ratio would be equal to L=2l ¼ 1) in an assembly of finite size, then the above formula for the factor that takes into account the finite length of the assembly with a homogeneous bond would naturally reduce to the formula in Eq. (37). With L ¼ 5mm, we obtain So, the predicted maximum interfacial shearing stresses are 4:8737kgf=mm 2 ¼ 47:7623MPa, in the case of a long assembly with a homogeneous bonding layer (k ¼ 0:3145; tanh kl ¼ 1), 4:0846kgf=mm 2 ¼ 40:029MPa, in the case of a finite size (10 mm long) assembly with a homogeneous bonding layer, and only 1:6999kgf=mm 2 ¼ 16:6595MPa, in the case of the 10 mm long assembly with two 1 mm long (in the x-direction) bonding systems (1 mm thick legs). In this case, k ¼ 0:4771; kl ¼ 0:2342; tanh kl ¼ 0:2385. Thus, the stress relief due to the finite size of an assembly with a continuous bond is 16.2%, and the additional stress relief due to "thin legs" is as high as 58.4%: the application of two short bonds (two long-and-narrow legs) resulted in a significant, by a factor of 2.4, reduction in the maximum shearing stress.
Note that a similar effect has been determined, addressed and discussed back in 1986 [27] and was applied to the semiconductor crystal growth technologies, so that a dislocation-free growth of sufficiently thick semiconductor films could be achieved even in the case of an appreciable lattice-mismatch situation.
It should be pointed out that the interfacial shearing stress of 4:8737 kgf=mm 2 in a long assembly of the type in question exceeds considerably, by a factor of 1.8, the yield stress 26:6MPa ¼ 2:7143kgf=mm 2 for the Sn-Sb solder. This factor is about 1.5 for the 10 mm long assembly with a homogeneous bonding system, while in an assembly with two peripheral bonds of 1 mm long each the maximum interfacial stress is by a factor of 1.6 lower than the yield stress of the Sn-Sb solder.
As follows from the computed data, the length (dimension in the x-direction) of the bonded regions (legs) has a significant effect on the maximum interfacial shearing stresses. These stresses change from 4:8737kgf=mm 2 ¼ 47:762MPa in the case of a 5.0 mm thick homogeneous layer (thick-and-short legs) to 1:6999kgf=mm 2 ¼ 16:659MPa in the case of 0.5 mm thick bonded regions (thin-and-long legs). Since even the homogeneously bonded 10 mm long TEM assembly is relatively short, compared to typical adhesively bonded or soldered assemblies in electronics, and the TEM bonding system in it is substantially more compliant than conventional bonds in an electronics, the Table 2 data (see also Fig. 4(a) ) reflect only the initial portion of the stress diagram (Fig. 4(b) [11] ) typical for a conventional electronic or photonic packaging assembly.
Conclusion
A practically useful and physically meaningful analytical (mathematical) thermal stress model has been developed for an assembly bonded at the ends. A situation when the assembly components are identical, but are subjected to different temperatures, has been addressed. Such a situation takes place particularly in Bismuth-Telluride-Alloy based thermoelectric module designs. We assessed, based on the developed model, the effect of the size and compliance of the peripheral bonded regions on the maximum interfacial shearing stress. We have determined that the employment of thinner and longer legs could result in considerably lower interfacial thermal stresses, thereby leading to a more mechanically robust TEM. On the other hand, if sufficiently long and/or stiff bonded regions (short-and-thick legs) are employed, the maximum interfacial shearing stress will not be different from the stress in a homogeneously bonded assembly. In any event, it is imperative that satisfactory bonding strength is assured, and therefore, the minimum acceptable size (real estate) of the peripheral bonded regions should be established (say, by conducting shearoff testing) so that this strength is not compromised. The obtained results could be used particularly for considering, based on the suggested predictive model, an alternative to the existing TEM designs characterized by many big (thick-and-long) legs. In such a novel design, fewer small (thin-and-short) legs could be employed, so that the size and thickness of the TEM is reduced.
